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Solution of Problem 1

a) The dominant eigenvalue λdom is visible when the ratio γ2 = p
n2

is less than β2
dom. With

βdom = β2 = 0.5 we obtain nmin = n2 = p
β2

2
= 2000. For this number of samples, the

dominant eigenvalue of the sample covariance Sn tends to (1 +√γ2)2 = (1 + 0.5)2 =
2.25� 1.5. The distance 〈v2,vdom〉 = 1−γ1/β2

1
1−γ1/β1

is equal to zero. Figure 1 shows eigenvalue
distributions for this choice.

b) To see both eigenvalues the ratio γ1 = p
n1

must be less than β2
1 . With β1 = 0.2 we

obtain n1 = p
β2

1
= 12500. For this number of samples, the dominant eigenvalue λdom of

the sample covariance Sn tends to (1 + β2)(1 + γ1
β2

) = 1.5 · 1.08 = 1.62 ≈ 1.5 = 1 + β2.
The distance 〈v2,vdom〉 = 1−γ1/β2

2
1−γ1/β2

is equal to 0.913 ≈ 1 which shows that v2 is nearly a
unit norm vector parallel to the dominant eigenvector vdom. Figure 2 shows eigenvalue
distributions for this choice.
By enlarging n to 50000 both eigenvalues β1 and β2 become visible in the Marchenko-
Pastur density as shown in Figure 3.

Solution of Problem 2

a)

Ekx(j) =
(

Ik −
1
k

1k1T
k

)
x(j) = x(j) − 1

k
1k1T

k x(j) = x(j) − 1
k

k∑
i=1

x
(j)
i 1k

= x(j) − x(j)1k

b) (
EkXT

)
ij

=
[
Ekx(1),Ekx(2), . . . ,Ekx(n)

]
ij

=
(
x(j) − x(j)1k

)
i

= x
(j)
i − x(j)

c)
k∑
i=1

(
EkXT

)
ij

=
k∑
i=1

(
x

(j)
i − x(j)

)
=

k∑
i=1

x
(j)
i −

k∑
i=1

x(j) = kx(j) − kx(j) = 0
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Figure 1: Eigenvalues of Sn for Spike model with β1 = 0.2, β2 = 0.5, n = 2000
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Figure 2: Eigenvalues of Sn for Spike model with β1 = 0.2, β2 = 0.5, n = 12500
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Figure 3: Eigenvalues of Sn for Spike model with β1 = 0.2, β2 = 0.5, n = 50000

Solution of Problem 3
We start by expanding the following difference

(1 + β)(1 + γ

β
)− (1 +√γ)2 = 1 + γ

β
+ β + γ − (1 + 2√γ + γ) = γ

β
+ β − 2√γ

=
γ − 2β√γ + β2

β
=

(√γ − β)2

β
.

Since β > 0 we have that

(1 + β)(1 + γ

β
)− (1 +√γ)2 =

(√γ − β)2

β
> 0 ,

yielding
(1 + β)(1 + γ

β
) > (1 +√γ)2

which proves the statement.


