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Solution to Exercise 27.

Let p > 3 be prime and p− 1 =
∏k

i=1 p
ti
i the prime factorization of p− 1. Show:

a ∈ Z∗
p is a primitive element(PE) modulo p⇔ a

p−1
pi 6≡ 1 (mod p) ∀i = 1, . . . , k.

Recall

ordn(a) = min{k ∈ {1, . . . , ϕ(n)} | ak ≡ 1 (mod n)} (1)

a is PE modulo n⇔ ordn(a) = ϕ(n) (2)

Proof:

”
⇒ “ a is PE modulo p

(2)⇔ ordp(a) = ϕ(p) = p− 1
(1)⇒ a

p−1
pi 6≡ 1 (mod p) ∀i = 1, . . . , k

”
⇐ “ Assume a is not PE modulo p

(2)⇒ ordp(a) = k < p− 1 ∧ k | p− 1

⇒ ∃ c 6= 1 with p− 1 = k · c
⇒ ∃ i : pi | c

⇒ a
p−1
pi = a

k·c
pi = ( ak︸︷︷︸

(1)
≡ 1

)
c
pi ≡ 1 (mod p) Contradiction!


