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Solution of Problem 1

Given an elliptic curve (EC), E : Y2 = X® + aX + b, over a field K with char(K) # 2,3
(K =Fym,pprime,p >3, meN), f(X;Y)=Y?—X3—aX —band A = —16(4a® + 27b?) it
holds
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X 3X a=0<a=-3X" and (1)
af char(FK)#2 .
Sy =2 =0 L7y . (2)

Note that (1) is equivalent to a = 0 independent of X, if char(K) = 3.

The definition for a singular point of f is given as

af

of
P = (z,y) € E(K) singular @—|p—0/\ay\p20. (3)
Claim: A # 0 < E(K) has no singular points
Proof:
,=“Let A#£0
Assumption: There exists a singular point (z,y) € F(K).
vV =23 +ar+0b
(L g = 3 4 (=32%)r +b=—22"+b
& b= 27" (4)

Inserting these values for y, a and b into the discriminant yields:

= A = —16(da® + 270?) "2V _16(4(=322)® + 27(22%)?)
= —16(4- (=27) 2%+ 274 2%) =0

Which is a contradiction. It follows E(K) has no singular points.
»,<=“ F(K) has no singular points
Assume A = 0 it follows 4a® + 276 = 0, as char(K) # 2.
It follows with Cardano’s method of solving cubic functions of the form
X3+ aX + b= 0 that it has a multiple root z (of degree 2 or 3):
f(z,0) = —2® — (=32%)z — 22° = 0,
af
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X

|(zo =2-0=0, and

|w.0) = —32° — (—32%) = 0, as z is a multiple root.



It follows by (3) that (z,0) is a singularity, which is a contradiction to the assumption.

As a result, A # 0 is necessary (excluding char(K) = 2, 3).

Solution of Problem 2

By definition: F:Y? = X3 + aX + b with a,b € K and A = —16(4a® + 27b*) # 0 describes
an elliptic curve.

a) Here: £:Y?=X34+ X +1,ie.,a=0=1, K =TF;. Then,
A= —16(4a® +270*) = —16(4 +27)=5-3=1#0 (mod 7).
It follows that E is an elliptic curve in [F.

b) We use the following table to determine the points.

z 27V 22 23 142428
0 - 0 0 1
1 1 1 1 3
2 4 4 1 4
3 5 2 6 3
4 2 2 1 6
5 3 4 6 5)
6 © 1 6 6

It follows from the third column that,
Y?€1{0,1,2,4} = A,
and from the last column that
1+ X +X*c{1,3,4,56}=8B.

Furthermore,
C=ANnB={1,4}.

WithY?=1&Y e{l,6}and 1+ X +X* =1 X =0
= (0,1),(0,6) € E(F7).
WithY? =4 Y e{25}and 1+ X + X3 =4 & X =2
= (2,2),(2,5) € E(F7).
We can determine the set of all points on E,
E(F7) ={0,(0,1),(0,6),(2,2),(2,5)} .

For the trace ¢ it holds
#E([F,) =q+1—-t.
Here, ¢ = 7, and #FE(F;) = 5, so

S5=T+1—-t&t=3.
Note (Hasse): t < 2./q=2v/7~5.3



c) With the group law addition, F(F7) is a finite Abelian group. It holds ord(P) | #E(F7)
(Lagrange’s theorem). It follows for P # O : 1 < ord(P) = 5, i.e., every P # O is a
generator. The addition for P = (x,y), P, = (z1,y1), P» = (22, 2) is defined by

(i) P+O=P
(ii) P+ (z,—y) =0 = —P = (x,—y)

(i) If P # £P, = Py = (x3,33) = P1 + P, with 2 = 222 53 = 22—z — 29,
ys = 2(z1 — x3) — 1.

(IV) If P1 75 —P1 = 2P1 = P1—|—P1 = (fﬂg,yg) with ¢ = 31,22—1"_(1, T3 — 02—233'1,
ys = c(x1 — x3) — 1.

Start with P = (0,1).
2P =2-(0, ) (25)

1 1 Table 9
usmgc—§—2 d=a3=4"=2=y3;=4(-2)—1=5 mod7

3P = (2,5) +(0,1) £ (2,2)

—4
usmgz——2—421—2:>:c3—4 0—-2=2
=1y3=22-2)—5=2 mod7

4P =(2,2) +(0,1) = (0,6)

5P = (0,6) + (0,1) £ ©
6P =0+(0,1) 2 (0,1)



