Solution to Exercise 15 of Homework 5

p prime, g a primitive element (PE) modulo p, a,b € L,
(a) a QR mod p & Ji € Ny with a = ¢* (mod p)
7=
aQR modp = erZz:kQEa (mod p)
gPE = JleNy:k=g¢' = k>=¢*=a (mod p)

Ji € Ng witha=g¢*  (mod p) = a=(¢")? (mod p)
= ais QR modp
(b) If p is odd, then exactly one half of elements z € Z are QRs mod p.
e peven: |Z5| =1

e podd: |Zy| =p—1is even
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Zy,=<g>={g9".9.9,..-,9" "}
—1
A:{go7927g47"'agp_3} = ‘A|:pT
e x €A = JicNywithz=g¢? (mod p) @ z QR mod p
e z € Zy\ A: Assumption x is QR mod p

W 3 ¢ No with z = ¢*  (mod p)
= x € A = Contradiction (Note: 2¢ mod (p — 1) is even)
(¢) abQR mod p & a,b QR mod p or a,b NQR mod p
"= a=g"b=g" (mod p)
abQR mod p = Ji € Ny with ab=¢* (mod p)
& ab=g"t = ¢*  (mod p)
= k+1=2i (modp-—1)

k,l even (:a>) a,b QR mod p
V k,l odd Va,b NQR mod p

a,bQR modp = a-b=g*. g% =g2*  (mod p)
(:a>) ab QR mod p
a,bNQR modp = a-b= g2+t . g2+t = g2(k+HD (m0d p)

g ab QR mod p



